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The engagement tactics for two missiles to attack an aircraft are studied. A tail chase scenario between two aircraft
is assumed where the attacker tries to kill the evader with two missiles, while the evader employs optimal maneuvers
for avoiding two missiles. The algorithm to solve this optimal control problem is first developed. For the aircraft, in
order to simultaneously maximize the miss distances against two missiles, a special type of performance index is
introduced and the problems are solved by the solver based on the steepest ascent method. The result shows that the
aircraft optimal maneuvers are divided into three patterns. Next, the optimal timing for the attacker to launch the
two missiles, in order to minimize both miss distances against the aircraft is studied. The effect of their taking

trajectory shaping is also studied.

Nomenclature
A aircraft
a = lateral acceleration
a. = missile lateral acceleration command signal
Cp, Cp, = drag and lift coefficients, respectively
Cpo = zero-lift drag coefficient
D = drag
f = state derivative vector
H = Hamiltonian function
h = altitude
I, = specific impulse
J = performance index
k = induced drag of aircraft
ki, ky, k,, = drag coefficients of missile
L = lift
M = missile
m = mass
N, = missile navigation gain
n = power of penalty function
P = penalty function for the first missile
r = slant range between missile and aircraft
T = initial distance between two missiles
Tla = reference value of the slant range between the first

missile and aircraft
Tips Fag = closest ranges (miss distances) between the aircraft
and the first and second missiles, respectively

T = the mean miss distance between two missiles,
(ry 7 f)%

S = reference area

T = thrust

t = time

t, = sustainer burning time

t = interception time
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tuls tun = start time and end time of window function

u = control vector

v = velocity

v, = closing velocity

w = window function

X,y = longitudinal and lateral coordinates

x = state vector

o, o = angle-of-attack and zero-lift angle, respectively

A = adjoint vector

P = air density

o,V = line-of-sight and azimuth angles, respectively

T = missile time constant

¢ = performance index for minimizing both miss
distances

Q = stopping condition

¥ = terminal constraints

) = time derivative

Subscripts

a = aircraft

c = command signal

i = ith missile

m = missile

max, min = maximum and minimum values, respectively

I

TYPICAL fighter is provided with two short range missiles and

two medium range missiles as well as other weapons. In a one-
on-one engagement, and supposing one has achieved an advanta-
geous position to another and has caught the enemy in his lethal cone,
he has to employ his missiles most effectively. Many studies have
appeared about optimal missile avoidance by an aircraft [1-20],
however, only a few papers have treated avoiding multiple missiles
[12,18]. The reason for this could be that it is difficult for an aircraft to
avoid even one missile, therefore avoiding two missiles is not
realistic. However, as stated, in actual situations an aircraft can use
two short range missiles or medium range missiles depending on the
relative distance. Also the development of unmanned aerial vehicles
(UAV) has drastically changed the situation. The miss distance (MD)
is approximately proportional to the square of the aircraft maximum
lateral accelerationa,, ,,,,, Which is limited by the endurance of the
pilot in a manned aircraft. On the other hand, since in UAV's this limit
is not applicable and a larger lateral acceleration can be produced,
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they may avoid even two missiles simultaneously. Therefore,
studying the features of such maneuvers and the counter strategy of
the attacker will be useful for engineers of both missiles and aircraft
as well as aircraft pilots. The former study [12] showed the geometric
analysis between two missiles and an aircraft. The study conducted a
massive number of simulations for randomly maneuvering aircraft
and tried to find the optimal relative geometry of vehicles. The other
study [18] succeeded in finding two typical optimal aircraft
maneuvers against two proportional navigation (PN) [21,22]
missiles. The optimal controls of the aircraft were solved by the STP-
CODE (STeePest ascent CODE), which is a general optimization
program developed by the authors based on the steepest ascent
method [23,24]. As the algorithm has been improved since then,
currently the solutions to avoid two missiles can be obtained under
any initial relative geometries. A recent study of the authors found the
aircraft optimal maneuvers are divided into three patterns depending
on the relative geometry. In Sec. II, equations for nonlinear optimal
control problems employed in the steepest ascent method are briefly
shown. In Sec. III, the mathematical model and the derivation of the
optimal aircraft maneuver against two PN missiles is explained. A
typical medium range air-to-air missile, and a pure tail chase scenario
are assumed here. In Sec. IV, two missiles’ optimal geometry, in other
words, the optimal launching times of two missiles against an
optimally-maneuvering aircraft are studied. To attack the aircraft
from different directions, the trajectory shaping of the two missiles
are also considered and the effect is studied in Sec. V. These results
are discussed in Sec. VI, and summarized in the Conclusion.

II. Equations for Nonlinear Optimal Control Problems

Before this study, an algorithm to obtain the aircraft optimal
maneuver which simultaneously maximizes the MDs against two
missiles had to be developed. The solver developed by the authors is
called the STP-CODE which is based on the steepest ascent method.
In this section, equations for nonlinear optimal control problems
employed in the steepest ascent method are briefly shown. A general
nonlinear optimal control problem is stated as follows:

Find optimal control u(#), (0 < ¢ < t;) to maximize the following
performance index (Mayer-type is assumed) J (for minimizing,
change the sign of ¢):

J = ¢lx(ty), t/] (1)
subject to the following equations:
x=f(x.u1) 2
x (ty) = xg:specified 3)
with terminal constraints
Ylx(y). 1] =0 “4)

where x(7) is an n-dimensional state vector, u(f) is an
m-dimensional control vector, and ¥ is a g-dimensional constraint
vector. The Hamiltonian H is

H=M\'f ®)

The adjoint equations and boundary conditions are given by

- 0H _ T%
A= o A ox (6)
0P\ 7"
rio=—(5). @
where
P=¢+v'y ®)

where the unknown multiplier v is determined through the
terminal constraints Eq. (4). Equations (1-8) are called Euler—
Lagrange equations. For an extremum, the differential change of the
performance index §J must be zero for arbitrary differential change
of u(t): du(t), that is, the following condition of optimality has to be
satisfied:

Mo (=t=1)) ©
u :
If there are constraints on the values of u(f), e.g. u; < u; .y, then

in Eq. (9) u; has to satisty

oH
8u,—=0 or u;

= Ujmax (ZO <t= t/') (10)

The transversality condition at the final time #; is

oD
H(iy) = ‘(W) (11
1=ty

In the steepest ascent algorithm (STP) in [24], corresponding to
Eq. (11), the stopping condition which determines the final time is
defined:

In Eq. (12), €2 can be selected from any arbitrary components ofyr
in Eq. (4), however, it must clearly determine the final time 7. The
constraints Eq. (4) can be introduced by penalty functions into the
performance index Eq. (1) instead of the method appearing in [24]. In
this paper, a special penalty function is introduced in Sec. III.

III. Derivation of an Aircraft vs Two-Missiles Problem

If the aircraft has not enough time to fly away from the attacker, the
next tactic is to provide for the missiles to come. In this case the
aircraft should take a pure tail chase geometry to provide for any
missile attack because then it can implement optimal evasive
maneuvers for any symmetrical missile attacks. Figure 1 shows the
relative geometry of a pursuer (missile) and the evader (aircraft), and
related symbols. As the purpose of this study is to know the optimal
distances between the two missiles and the aircraft, the motions are
constrained in a horizontal plane. The following equations and
formulation are used for the calculation of the optimal aircraft
control. Both vehicles are modeled as point masses, where suffixes
“a” and “m;” express aircraft and ith missile. The aircraft is assumed
to have perfect knowledge of all vehicle dynamics as well as the
guidance strategy of the missiles:

_T,cosa—D

v, (13)
ma

. L+ T,sinx

Vo=———"— (14)
m,v

Fig. 1 Vehicle geometry and symbols.
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X, =v,cos, (15)
Va=1U,8inY, (16)
L=1p038,C0 D=3p2iS,Co a7
Cp = Crol—ag) Cp = Cpo + kC} (18)
Pa = Pa(hy), T, =T4(vg, hy) 19)

A constraint is imposed on the value of the aircraft angle-of-attack
o, which is treated as the aircraft control variable:

ot] < Opax (20)

where a negative « is considered as a positive o with a bank angle of
—90 deg. The missile lateral acceleration is approximated by a first-
order lag to a lateral acceleration command signal a,,;.:

T, D

O = Zmi T Fmi QD

My
Qi = Amic — Ami (22)

Ti

N Api
Vomi = o (23)
X mi = Upi COS wmi (24)
.)}mi = Upii sin I//mi (25)

where
i \?
Dmi = klivrzni + k2i (v”H) (26)
I 2K,
kli = Epm[SmiCDOm[ k2i = W (27)
T, forO0<tr=<t,

Luilt) = {0 for t,; <t (28)

For a PN missile with signal saturation taken into consideration,
a,. is given by

_ Neivcio-i for |amic| 5 amirmax
Apic =

. (29)
Amic max Slgn(aci) for |amir| > Apic max

where N,; is the effective navigation ratio, v; the closing velocity,
and 4; the line-of-sight turning rate given by

Vei = —F; (30)
di — (y{l — ymi)(xa - xmi) _2 (ya B ymi)(xa — xmi) (31)
T
where r; is the slant range:
ri= [(xa - xmi)z + (ya - ymi)Z]% (32)

To maximize the MD for the first missile, the following state and
window function are introduced:

=) (%) (33)

_ 1.0 fort, =t=t,
w(t)_{o for 0 <t <ty ty, <t

where t,,; and t,, are selected to include the time of the closest
approach point (CAP) for the first missile, and r,, is a constant. The
following performance index is introduced:

o= {kr”% - kr_/(”z - "2/)2 - kpp}t:t/ (35)

(34)

wl»

where the terminal time ¢, is obtained from the following stopping
condition:

Q=i=0 (36)

which means the time of the CAP with the second missile. The
meaning of Egs. (33-35) is explained later in detail. The problem is to
find the control history of a(#) which maximizes ¢ of Eq. (35) under
differential Eqgs. (13-16) and (21-25), (i =1,2), and (33) with a
constraint of Eq. (20). The problem is reduced to a two-point
boundary-value problem (TPBVP). The authors have developed
some efficient solvers for this type of problem by employing fine
algorithms such as the steepest ascent method [24], the sequential
conjugate gradient-restoration algorithm SCGRA [25,26], and the
modified quasi-linearization algorithm MQA [27]. In this paper, the
problem is solved by the STP-CODE. The details of the solver are
shown in [28]. Although the algorithm is an old one, several
techniques such as searching for the solution automatically, avoiding
local optima, and accelerating convergence are introduced in this
code. In Eq. (35), the first term is to maximize MD with the second
missile, while the third term is to maximize MD with the first missile.
By appropriately selecting a window function Eq. (34) and penalty
function Eq. (33) with their coefficients k, and &, both MDs against
two missiles can be maximized, however, the process often tends to
maximize one of the MDs and minimize the other. The second term is
introduced to prevent this phenomenon. The steps to solve the
problem by the code are as follows:

1) Select a nominal aircraft control history to intentionally produce
some MDs against both missiles. This can be implemented by taking
maximum acceleration toward the right or left side a small distance
before the missiles.

2) Calculate the optimal control with a r,, value which is a little
larger than the obtained value in the preceding process.

3) If the obtained r,, value (MD against the first missile) is less
than the r,; value, then decrease the r, value, on the other hand, if the
obtained r,, value is larger than the r,, value, then increase the r,,
value, and recalculate the optimal control. This process usually tends
to increase the mean value of the two MDs r,, = (ry.r,)"/? and is
continued until no further improvement of r,, is obtained.

IV. Aircraft Optimal Evasive Patterns in Relation
to Relative Geometries with Missiles

Table 1 shows initial conditions and some parameters of vehicles
where tail chase geometries are selected. The aircraft parameters
employed are those of the YF-16 [29], but the maximum g is set to
7 g, while the YF-16 can produce up to 9 g. The reason is that the
aircraft has to compensate for gravitational force, and the practical
implementation of a bang-bang type maneuver with maximum
acceleration would be difficult. The missile data are those of a typical
medium range air-to-air missile.

Before studying two-missile cases, one missile cases are first
calculated and the results are shown. The calculations of one missile
cases are implemented just by setting the coefficients k., and k, in
Eq. (35) to be zero. Figure 2 shows the coordinates and initial
geometry of the vehicles. The aircraft initial horizontal location is at
2000 m. Figure 3 shows the missile initial horizontal location vs MD.
In these cases, the aircraft is assumed to maneuver leftward as a feint
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Table 1 Parameters and values

Parameter Value

Aircraft (military thrust)

m, 7500 kg
Xa0 2000 m
Cra 3.689/rad
‘amax‘ O 1652
(@4 max) 7g
Tnax 37,894 N
S, 26 m?
Va0 290.2 m/s (0.9M)
Cpo 0.0224
k 0.260
hao 4572 m
Missiles (sustainer phase)
Mg 176 kg
toi 8s
Upmio 644.6 m/s (2.0M)
Cpoi 0.90
T; 0.5s
Isp; 250's
Soi 0.0324 m?
k; 0.030
N, 4
T i 6000 N
Romio 4572 m
Crai 35.0/rad
A ¢jmax 30 g

motion at first (Note that maneuvers symmetrical to the x axis
produce the same MDs).

The lateral acceleration reduces the velocities of both vehicles,
however, the disadvantage of the effect is larger for the aircraft than
for the missile, therefore the aircraft gradually increases its lateral
acceleration to its maximum value. Next, at a small distance before
the missile, the aircraft switches to maximum rightward acceleration
to avoid the missile. The following figures show the vehicle trajec-
tories and the aircraft control histories. Figures 4 and 5 show the cases
of the initial distance of 2000 and 1000 m, respectively. The CAP
time and MD are 5.388 s and 17.25 m, then 2.721 s and 15.74 m,

M

Vm 0

A Vy

0 Xm0

Fig. 2 Vehicle initial geometry and coordinates.

l

2000

0000 o
©00g g o,
o]
g o
A 10F °
=
e}
o
Xa0
0 1 —
0 1000 2000
Xm0 (m)

Fig. 3 Missile initial location vs MD.

respectively. As a larger initial distance gives the aircraft more room
to maneuver, the increased MD is reasonable. As the initial distance
decreases to less than 700 m, the MD decreases greatly. Figure 6
shows the case of the initial distance of 400 m, where the aircraft
control becomes a bang-bang control and the MD is 6.88 m.
Including this bang-bang control, the aircraft maneuvers of this type
change the sign of the lateral acceleration once, and are here called
type 1.

Figure 7 shows the initial vehicle geometry of two-missile cases.
Initial locations of the aircraft and missile 2 are x,, = 2000 m, and
X,n0 = 0 m respectively. The first missile is located between the

100 -
— Aircraft
---- Missile
50 F !
g
>
0----- Sl
-50 - ) J
0 1000 2000 3000 4000
X (m)
021
3 0r
N PR SR R R U SR S
0'20 1 2 3 4 5 6
Time (s)

Fig. 4 Vehicle trajectories and aircraft control history (initial distance
of 2000 m).
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100+
g
>
50+ /
0 ~—;;T\\ 1 o | . ]
0 1000 2000 3000 4000
X (m)
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8 OF
02 PR U U U B
0 1 2 3 4 5 6
Time (s)

Fig. 5 Vehicle trajectories and aircraft control history (initial distance
of 1000 m).
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Fig. 6 Vehicle trajectories and aircraft control history (initial distance
of 400 m).

aircraft and the second missile, and r;, shows the initial distance
between missile 1 and missile 2, therefore r, = x,,;o. As sym-
metrical optimal maneuvers to the x axis exist, the aircraft is assumed
to maneuver leftward at first. In this case 3 aircraft evasive patterns
appeared. Figure 8 shows the relation between the first missile
location and the mean MDs r,, = (ry; - ry;)"/? by using the three
types of aircraft maneuver. The aircraft avoids the first missile by
employing the same maneuver as in the preceding one missile case.
Then following this maneuver, if there is enough distance remaining
from the second missile, the aircraft can take either of the two types of

My Vo M, Vo A Vy
> >—o > .4
0 Xm20 Xm0 2000
2

Fig. 7 Initial vehicle geometry of two-missiles case.

20
E
A 10+ % O Type 1
E x Type 2
B 4 Type 3
=
ol L
0 500 1000 1500
ri, (m)

Fig. 8 The first missile location vs the mean MDs by the three types of
aircraft maneuver.

maneuvers. In the first maneuver, the missile continues to take the
maximum rightward acceleration and at a short distance before the
second missile, the aircraft switches to maximum leftward accel-
eration to avoid the second missile. This type of aircraft evasive
maneuver changes the sign of the lateral acceleration twice, and is
called here type 2. On the other hand, the maneuver to avoid the
second missile by maximum rightward acceleration also exists. That
is, after avoiding the first missile by using a type 1 maneuver, the
aircraft switches again to take the maximum leftward acceleration
and at a small distance before the second missile, the aircraft switches
to maximum rightward acceleration to avoid the second missile. This
type of the maneuver changes the sign of the lateral acceleration three
times, and is called here type 3. This type 3 maneuver is more
complicated than a type 2 maneuver, and the resultant MD is at most
the same value as type 2, therefore a type 2 maneuver is favorable and
employed in this section. The advantage of the type 3 is shown in the
next section. These type 2 maneuvers generally produce larger MDs
than other types, but when the relative distance between the two
missiles become very small, the type 1 maneuver becomes effective
to avoid two missiles.

The brief summary of this section is that, the aircraft should
employ the type 1 maneuvers for r, (the initial distance between two
missiles) is less than 300 m, and the type 2 maneuvers for a larger r;,,
while the missiles can produce the least mean MD r,, at r;, is 300 m.

The following figures show the vehicle trajectories and the aircraft
control histories for some cases. Figures 9 and 10 show type 2 and
type 3 maneuvers for x,,;, of 1200 m (7, is 800 m). The r,, values for
type 2 and type 3 are 13.90 (r; = 14.96 m, r,; = 12.92 m) and
13.88 m (r;; = 14.91 m, r,; = 12.91 m), respectively. Figures 11
and 12 show the vehicle trajectories and the aircraft control histories
by using type 1 and type 2 maneuvers for x,,;, of 300 m (r, is
1700 m). The r, values for type 1 and type 2 are 13.30
(riy=1251m, r,p=14.15m) and 1328 m (r;; = 14.92 m,
ryy = 11.82 m), respectively.

V. Effect of the Missile Trajectory Shaping

If there are two attackers, they can cooperate and launch the
missiles from different directions, which will be effective in killing
the aircraft. However, in the one-on-one situations of this study, only

250

—— Aircraft
—e— Missilel
----Missile2

1 J

0 1000 2000 3000 4000 5000
X (m)

02 PR T RSN NS SRS N
0 1 2 3 4 5 6

Time (s)

Fig. 9 Vehicle trajectories and aircraft control history with type 2
maneuver for x,,;, of 1200 m.
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Fig. 10 Vehicle trajectories and aircraft control history with type 3
maneuver for x,,; of 1200 m.

one attacker can launch two missiles. In this situation the attacker can
still distribute the directions of the attacking missiles by employing a
trajectory shaping technique. Before this study, the effect of a beam
attack was briefly studied. Figure 13 shows the relative geometry
between a missile and an aircraft, where their relative distance is
1000 m. The missile initial heading angle ¥,,, is on the collision
course which is calculated as follows:

Assume the aircraft and the missile velocities v, and v,, are
constant. Let the initial locations of the aircraft and missile be
(%405 Ya0) = (2000, 0) and (x,,9, y,no) (in meters), and both vehicles
are to intercept at ¢, at the point P:

150
—— Aircraft
—— Missilel
100 ---- Missile2
£ 5
>
0
-50 * + * !
1000 2000 3000 4000
X (m)
02
I 0
202 PR I U E R R
0 1 2 3 4 5 6
Time (s)

Fig. 11 Vehicle trajectories and aircraft control history with type 1
maneuver for x,,;, of 300 m.
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50 1 1 1 ]
0 1000 2000 3000 4000
X (m)
02
SEEY
02 PR U T TS R BT
0 1 2 3 4 5 6
Time (m)

Fig. 12 Vehicle trajectories and aircraft control history with type 2
maneuver for x,,;, of 300 m.

Xmo + vmtf Cos 1//111 = Xa0 + Uatf

ym0+vmthinwm:yaO:O (37)
By eliminating 7, from the preceding equations, then

(Xm0 = X40) Uy SIN Y = (V, COS Yy — V) Vo

(Xm0 = Ya0) U (1 — cos’Y,,) = (v5,c08° ¥,
—2v,v,, cos ¥, + V2)y%,

Unl(m0 = Ya0)? + Yiolc0S* Yy — 270 Va U €OS Yy

+ yi()vczl - ('me - an)zvi =0 (38)

The preceding equation is solved for cos v, and v, is obtained.
Figure 14 shows the initial o vs MD by using type 1 maneuvers of the
aircraft for the value of o from —21—+4-21 deg at every 3 deg (x,,,
Ym0, and ¥, are determined from the value of o).

The MD decreases for the value of negative o, which gives an
expectation of the effect of the trajectory shaping of the missiles.
Figures 15 and 16 show the vehicle trajectories and the aircraft

M Ym

(Xm0> Ymo)

Fig. 13 Relative geometries between a missile and an aircraft.
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Fig. 14 The initial o vs MD by using type 1 maneuvers.

200~
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0 |
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-400 * : * : J
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X (m)

Fig. 15 Vehicle trajectories and aircraft control history for o is
21.0 deg.

control histories when the value of o is 21.0 and —21.0 deg,
respectively.

The trajectory shaping of the missiles is implemented by giving
bias accelerations to the original acceleration commands by PN in
Eq. (29). The study was conducted for several acceleration values and

400 -

300
= 200k —— Aircraft
) ---- Missile
>

100 - /

0 -
n 1 n 1 n J
0 1000 2000 3000
X (m)

Fig. 16 Vehicle trajectories and aircraft control history for o is
—21.0 deg.

20

O Typel

Mean M D (m)
)
T

A Type3

0 1 1 1 1 1 )
0 100 200 300 400 500 600

115 (m)
Fig. 17 The mean MD r,, vs rq, (the second missile is initially located at
the origin).
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Fig. 18 Vehicle trajectories and aircraft control history by using type 1
maneuver for ry, of 250 m (with trajectory shaping).

durations in relation to the geometries of two missiles. The cases of
applied trajectory shaping to only one missile did not show any
reduction of MD (Although it can decrease MD against an aircraft
optimal maneuver, it increases MD against the aircraft optimal
maneuver symmetrical to the x axis).

Therefore the trajectory shaping was applied to both missiles
simultaneously, in a leftward direction for one and a rightward
directions for the other. The applied accelerations were 5 g and the
durations were 3 s for both missiles. These values were determined
by tradeoff studies, that is, a larger acceleration and a duration
deteriorate the performance of PN. The study showed that the
advantage of using the trajectory shaping appears where the initial

100 -
0 -
B
>
— Alircraft
-100 —e— Missilel N
----Missile2
2200 R I R I R I R ]
0 1000 2000 3000 4000
X (m)
02
S O0F
02 PR AR RSN EN S N S BT
0 1 2 3 4 5 6
Time (s)

Fig. 19 Vehicle trajectories and aircraft control history by using type 3
maneuver for r, of 250 m (with trajectory shaping).
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Fig. 20 Vehicle trajectories and aircraft control history by using type 3
maneuver for r, of 300 m (with trajectory shaping).

relative distance between two missiles 7y, is small. Figure 17 shows
the mean MD r,, vs ry,, where the second missile is initially located
at the origin. Until 7|, is smaller than 250 m, type 1 maneuvers are
employed and the MDs are smaller than the cases in Fig. 8§ without
trajectory shaping. However if rj, is larger than 250 m, type 3
maneuvers are employed and the resultant average MD is larger than
with type 2 maneuvers in Fig. 8, without trajectory shaping.
Therefore, this study shows that the trajectory shaping should be
employed when r, is smaller than 250 m.

Figures 18-20 show the vehicle trajectories and the aircraft control
histories by using type 1 and type 3 for r;, of 250 m, and then for r,
of 300 m using type 3. A sharp protrusion of the aircraft control
appears in each of these three figures. It would be impractical to
implement these controls, and for practical purposes, they should be
approximated by smoother curves. However, as these approxima-
tions always caused reduction of MDs, they are shown as they are.

VI. Discussion

The preliminary study showed that if there is not enough time to fly
away from the missiles, the aircraft should take the best geometry to
the missiles, that is, to take the same line-of-sight angles to both
missiles. This geometry is achieved by the aircraft for PN type
missiles, including improved PN [30] and augmented PN [1,5,9,22],
by taking a heading angle such that the two missiles come to be
located on the same line behind the aircraft. The initial geometries of
the vehicles are under the assumption that the aircraft has succeeded
in taking the geometry. The study against one missile cases in Sec. IV
shows that the aircraft has to take an evasive maneuver against the
first missile from a distance of at least 700 m before the interception.
If there is enough distance remaining after avoiding the first missile,
then he can select the type of optimal avoidance from the second
missile. In this case, both maneuvers of continuing the maximum
rightward acceleration and at an appropriate time switching to the
maximum leftward maneuver (type 2), or immediately changing to
the maximum leftward maneuver and later switching to the
maximum rightward maneuver (type 3) are possible. Therefore in
order to kill the aircraft, the distance between two missiles should not
be large. However, if the distance is too small, the aircraft can avoid
both missiles by an easy type 1 maneuver. In this study, without
trajectory shaping of the missiles, the distance of about 300 m is best.

The trajectory shaping of the missiles by giving +5 and —5 g bias
accelerations in addition to PN commands can reduce MDs to some
extent where the distance between the missiles is small. In these
cases, the distance of about 250 m is best for two missiles. As the
trajectory shaping causes a reduction of the missile velocity and gives
the aircraft the margin of time and distance, it does not bring in good
results unless the distance between the two missiles is small enough.
As for the aircraft, against two-missile cases generally speaking type
2 maneuvers are favorable. When the distance between the two
missiles is small, type 1 maneuvers are favorable, and if two missiles
employ the trajectory shaping stated, type 3 maneuvers are favorable.

In this study, the attacker is assumed to have launched two missiles
successively. On the other hand, he may launch the second missile
after the first missile has failed. However, in this case the evasive
aircraft will employ his afterburner and may fly away from the
second missile. This study was conducted based on the data in
Table 1. Although the results are not described here, the MDs and the
best values of 7, decrease for a small value of 7;, and larger values of
Qimax and @, .., but the features obtained in this study are the same.
Therefore, although recalculation will be required for a specified
missile and an aircraft, the results obtained in this study will give
valuable information.

VII. Conclusions

The tactics to attack an aircraft with two missiles were studied. The
optimal control solver for an aircraft to simultaneously maximize
MDs against two missiles was first developed. This was implemented
by introducing a special performance index, and by the steepest
ascent method. Tail chase geometries between an aircraft and two
medium range air-to-air missiles were studied in relation to the mean
MD r,, against two missiles. The results showed that there are three
types of aircraft optimal evasive maneuvers, which change the sign of
the lateral accelerations once, twice, and 3 times, and they are called
type 1, type 2, and type 3 maneuvers, respectively. The type 1
maneuver is favorable where the distance between two missiles ry, is
small. If r|, is not small enough, the type 2 maneuver is favorable.
The trajectory shaping of the missiles by adding bias accelerations of
+5and —5 ginaddition to PN commands is effective to some extent,
that is, it can reduce r,, against the type 1 maneuvers where r, is
small. In this case and if 7, is not small enough, the type 3 maneuver
is favorable. On the other hand, for the attacker to kill the aircraft with
two missiles, the r|, should be about 250 m with missile trajectory
shaping, and 300 m without it. Although recalculation would be
required for specified missiles and aircraft, the feature of the results
obtained in this study will give valuable information.
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